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Addendum

Let’s see if | can give a better explanation of the binomial theorem.

Theorem 1. Letz andy be variables, and let be a nonnegative integer. Then,
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Now, let’s look at a specific example and see if we can construct the general proof from that. To
do this, I'll consider(z + y)°. First, write out(z + y)° as

(z4+9)° =@+y)(z+y)(z+y)(@+y)(z+y).

Lets start with the termy°. This termmusthave come from multiplying together all five of
the (x + y)'s. There is only one way to do this (since there is only one group ofithey)’s that
contains all of thdx + )’s). So, the coefficient of the terny® must be a 1. Now, how can we
get a term that includes'y'? well, we must have multiplied togethiewur of the (z + y)'s in order
to get the exponent of theterm up to a four. How many ways can we do this? Well let's write
them down. I'll denoted which of four of the fiver + y)’s | am using with bold font. There are
five possibilities. Specifically they are

(+y)x+y)x+y)(x+y)(x+y)
x+y)z+y)(x+y)(x+y)(x+y)
(x+y)x+y)(r+y)(x+y)(x+y)
x+y)x+y)(x+y)(z+y)(x+y)
(x+y)x+y)x+y)(x+y)(r+y).

Now, you might be thing "Whoa hoss! What if | want to count the number of terms of the form
2*y! by dealing withy’s instead oft’s! How do | know this trick will work if | ask how many ways
are there that | can multiply together jumteof the (x + y)’s since the power of the term is a
one?” | would say, well we can write out the same list as above and just look at it's photo negative.
Again, | will denote in bold font the terms that can contribute to the tefgt by counting the
ways the(z + y)'s can be multiplied together to give me a power;bf

x+y)z+y)lr+ty)(z+y)(r+y
x+y)(@+y)(r+y)
z+y)(x+y)(r+y)
z+y)(z +y)(

x+y)(xty (

x+y)x+y
r+y)(x+y).
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So, either way you count it there must be five terms of the fotpi. Next let's concentrate on
how many terms there can be of the fogrh/2. We can do this one of two ways (and | will show
that they each give the same answer). We can notice that the powas tiiree and so we must
have multiplied together three of tlie + y)’s, or we can realize that the power of thés two and
count the ways we can multiply two of thie + y)’s. First, let’'s write down all the ways we can
multiply together three of ther + y)’s.
x+y)x+y)z+y)lz+y
x+y)z+y)x+y)z+y
x+y)z+y)lz+y)lx+y
z+y)(x+y)x+y)(z+y
z+y (
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)X+ y)(r+y)(x+y)
r+y)(r+y)(x+y)(x+y)
x+y)x+y)x+y)(z+y)
x+y)(x+y)z+y)(x+y)
x+y)z+yx+y)x+y)
(+y)(z+y)x+y)(x+y)(x+y).

Now let’s write down the number of ways we can multiply together two of(the y)’'s and see
that we get the same thing. Again, notice that if we have pulled out three terms before, that lea’s
us with two. So, our list will again look like a photo negative of the last list.

r+y)@+y)r+y)x+y)x+y
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(z+y) )
(z+y)(z+y)x+y)(r+y)(x+y)
(z+y)z+y)x+y)(x+y)(+y)
(@ +y)x+y)(r+y)(z+y)(x+y)
(z+y)x+y)r+y)(x+y)(z+y)
(T +y)(x+y)(x+y)(r+y)(z+y)
x+y)z+y)(z+y)(z+y)(x+y)
x+y)(@+y)(r+y)x+y)(z+y)
x+y)z+y)x+y)lz+y)(z+y)

(
(x+y)x+y)z+y)(r+y)(z+y).

In either case we count ten. So the coefficient of the tetpd must be a ten. But now we are
done. By the symmetry illustrated by the photo negative idea, we see that there must also be ten
terms of the forme2y3, five terms of the form:!'y*, and one term of the form’y®. So, we have
shown (and you should verify) that

(z +1)° = 12°° + 5z'y' 4+ 102%y? + 102%y° + 52'y* + 1o~y
The proof is on the next page.



Proof. We know that we can write

(:L,+y)n — C()Il'nyo ‘I‘Clxn_lyl +szn—2y2 N _I_le,n—jyj 4. +Cnx0y".
Therefore, it suffices to find all of the coefficientsfor j = 0,1,...,n. Consider the general term
c;x"Iy?. This term is the result of multiplying togethgrof the (x + y) terms in the expression
(z 4+ y)™ since we see that there ig/ain c;2"7y’. So, if we have a bag containingterms that

look like (z + y), then this question is asking, how many different ways can we pull eldments
from the bag? This is exactly the number of subsets contajnghgments that can be pulled from a

set containing: elements. By definition, this i ", So,c; = ") for eachj =1,2,...,n.
J ’ J

This competes the proof since we have shown

(:H—y)":<8’)x”y0+(?)xn_lyl+<g>$"_2y2+---+(?)azn_jyj+---+(Z)xoyn
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